The Colebrook-White formulation of the friction factor is implicit and requires some iterations to be solved given a correct initial search value and a target accuracy. Some new explicit formulations to efficiently calculate the Colebrook-White friction factor are presented herein. The aim of this investigation is twofold: (i) to preserve the accuracy of estimates while (ii) reducing the computational burden (i.e. speed). On the one hand, the computational effectiveness is important when the intensive calculation of the friction factor (e.g. large-size water distribution networks (WDN) in optimization problems, flooding software, etc.) is required together with its derivative. On the other hand, the accuracy of the developing formula should be realistically chosen considering the remaining uncertainties surrounding the model where the friction factor is used. In the following, three strategies for friction factor mapping are proposed which were achieved by using the Evolutionary Polynomial Regression (EPR). The result is the encapsulation of some pieces of the friction factor implicit formulae within pseudo-polynomial structures.
INTRODUCTION
The Darcy-Weisbach model for steady, uniformly distributed head losses reported in Equation (1) probably represents the most well-known formula where the friction factor f is used to compute the slope hydraulic grade line J (i.e. the head loss per unit length of a pipe):
The friction factor f depends on the equivalent roughness Ke and on the Reynolds number Re; V is flow velocity; D is pipe internal diameter; g is the gravitational acceleration constant; r is the water density, m is the water viscosity and n is the kinematic viscosity.
The Colebrook-White formulation of the friction factor f (Colebrook & White 1937 ) is the most widely accepted one as reported in Equation (3):
where log is the base 10 logarithm.
Actually, using Equation (3) implicitly assumes that the Colebrook-White equation is a theoretically correct representation of empirical data, although it is often incorrect. In fact, it doesn't even represent Nikuradse's original data (Nikuradse 1932) all that well in some cases (Streeter 1971) .
Nonetheless, the Colebrook-White equation has been historically adopted since it provides sufficient accuracy for technical/engineering applications.
Equation (3) is assumed to describe the friction factor for a wide range of turbulent flow regimes (i.e. ReZ4000): from transition to fully rough (turbulent) flow. In particular, the last term in brackets tends to be negligible with respect to the first one as the flow regime becomes fully rough. Thus, under fully rough flow Equation (3) goes back to the well-known formula of Prandtl-Karman, where the fully rough friction factor f N is explicit and depends solely on equivalent roughness Ke:
On this premise, the computation of the logarithm function (in both Equations (3) and (4)) in many computer languages is based on the computation of the natural logarithm.
Therefore, the base 10 logarithm requires a base change.
Thus, for computational reasons, Equation (3) Equations (3) and (5) are implicit and several attempts are reported in the technical literature in order to achieve an explicit formulation of f to be used for computer applications where the iterative calculation could be cumbersome.
The explicit formulation of the Colebrook-White friction factor has been investigated by many authors (Idelchik 1994) . Olujic (1981) found that the approximating expressions presented by Churchill (1977) , Chen (1979) and Shacham (1980) provided the best accuracy, being within ± 1% of ColebrookWhite's f. Other non-iterative expressions have been proposed by Barr (1981) , Zigrang & Sylvester (1982) , Serghides (1984) and Romeo et al. (2002) . Recently Sonnad & Goudar (2007) proposed a mathematically exact formulations of the Colebrook-White f whose maximum percent error is claimed to be less then 10 À10 , thus representing a point of reference in terms of accuracy.
However, it can be noted that all these equations were developed by looking at accuracy only, without accounting for actual computational requirements for massive numerical applications. In particular, all of them require the computation of some logarithms to achieve a sufficiently accurate solution, without caring how such an operation may affect real computer applications.
In fact, the computation of logarithm in many computer languages is based on series expansions that require several powers of the argument to be computed and added to each other (Handbook of Mathematical Functions 1964) . The number of terms required varies according to the desired precision and might dramatically increase when the logarithm argument tends to 1. Equation (6) reports a classical
Taylor series (first) along with a more efficient one (second) that converges quickly if z is close to 1:
On the other hand, the convergence of the series used to compute the exponential function is quite fast, as well as the product and summations in commonly used computer languages. In fact, a methodology to improve the accuracy of the logarithm consists of computing a low-accuracy approximation cBln(z) and then using the exponential function e c to correct the first guess by computing ln(z/e c ) through the second series of Equation (6) (i.e. ln(z)Bc þ ln(z/e c )). In addition, when the argument is too large, then it is likely
thus requiring more than one logarithm to actually be computed. Therefore, the computation of logarithms is likely to represent the bottleneck in computing explicit formulae of f. 1983) and proved that a 14-term polynomial equation may provide a mean squared error of about 2 Â 10 À4 .
However, no speed/numerical analyses of formulae were reported. Tufail & Ormsbee (2006) showed the interpolation capabilities of a genetic-programming-based technique on the same problem; the use of genetic programming to reproduce the resistance coefficient in corrugated pipes was proposed first by Giustolisi (2004) . In a recent work Yîldîrîm (2009) Sonnad & Goudar (2006) . Both formulations are aimed at allowing for a faster computation of f when the accuracy required for some applications is less than that achievable using Sonnad & Goudar's (2007) formula.
Probably the most widely used explicit approximation of the Colebrook-White formula was proposed by Swamee & Jain (1976) . They basically approximated 1= ffiffi f p in the logarithm argument of Equation (5) 
in order to achieve the following explicit formulation of f: 
Actually, if unlimited computing capacities were available, improving the accuracy of the f prediction would be not a problem by itself. In fact, it can be easily found that using f N of Equation (4) as a starting guess of f within the Colebrook-White formula, it takes about 14 iterations to achieve a maximum error of 1.4 Â 10 À8 and a mean error of 2.2 Â 10 À9 . The same accuracy is obtained using the SwameeJain approximation of Equation (8) in 12 iterations. Unfortunately, every iteration requires computing one logarithm and realistic computer resources usually adopted for commercial software applications do not easily manage such an excessive burden.
This paper proposes developing an approximation of the Colebrook-White friction factor accounting for both accuracy and computational speed, so that resulting models can be profitable for future software applications.
DEFINING THE RANGE OF VALIDITY OF EXPLICIT f FORMULAE
The first observation is that the approximation reported in Equation (7) is implicitly based on the assumption that the second term in brackets of the Colebrook-White formula (attributed to the fully rough flow) does not depend on equivalent roughness Ke, but rather is a function of the Reynolds number only. Actually, such an assumption is not true (this would make the implicit Colebrook-White formulation pointless).
In order to develop a more consistent (and accurate) explicit formulation, the Colebrook-White expression should be rewritten as a function of the so-called shear/wall Reynolds number Re * , which is defined as
Recall that fully rough flow occurs when Re * Z70 (French
1985; Schlichting 1979).
Thus, Equation (5) Re can be neglected and the rough fully turbulent flow holds).
Thus the problem of approximating Equation (5) within an explicit formulation generally deals with encapsulating the right-hand side term of the following Equation (11) with a function dependent on Re and Ke, but not on f:
For example, the Swamee Jain formula is equivalent to approximating the friction Reynolds number as follows:
From this perspective Equation (10) 
and Ke 2 ½10 À6 ; 10 À2 :
The values of Re have been evenly distributed in the base 10 logarithm space.
It is worth noting that choosing the same range of Re independently on Ke might result in misleading conclusions about average model accuracy, especially for rough pipes (large Ke). In fact, for these pipes fully rough flow (where f is well approximated by f N in Equation (4)) occurs at lower Re values than smoother pipes, while the accuracy of developed models refers to a reduced portion of the Re range, where the error could be significant (this produces a biased estimation of average model performance). The Re range defined in Equation (14) is aimed at testing model performances on the same number of points, mainly corresponding to transition turbulent flow.
BRIEF OVERVIEW ON EPR
From a system identification point of view (Ljung 1999) , the Evolutionary Polynomial Regression (EPR) (Giustolisi & Savic 2006 , 2009 
The construction of EPR model structures consists of selecting the exponents ES(j,i) of each ith variable in the jth term among the values defined in EX by using an evolutionary algorithm. Usually, the set of exponents EX also contains zero so that one or more variables (or even entire terms) can be deleted from the final model figure. Then, model parameters a j are estimated using either the least-squares or nonnegative least-squares methods. The search for models proceeds by simultaneously minimizing prediction error and model complexity (i.e. number of terms and number of inputs with non-null exponents).
The polynomial nature of the model ensures a two-way relationship between each model structure and its parameters and, consequently, the parameter estimation phase is cast as a linear inverse problem. Furthermore, the exploration of the solution space is performed using an evolutionary computing approach working on a combinatorial problem which often does not have a unique solution. This approach results in the exploration of the nonlinear models (the linear model is a special case) having a pseudo-polynomial structure and ensuring linearity with respect to parameter estimation.
From a regressive standpoint, EPR has some beneficial features that were missing in other data-driven techniques.
There is only a small number of constants to be estimated In addition, the EPR provides a Pareto set of the best models, trading off parsimony against model fit (to training data), which is extremely useful to help the user in selecting the right model based on the final modelling purpose. All these EPR features are aimed at overcoming some drawbacks encountered while using genetic programming, as described in more detail in Giustolisi & Savic (2006) .
THE PROPOSED APPROACH
In the following X i are the product n Â Re (i.e. nRe) and the equivalent roughness Ke. Note that (nRe) has been used instead of Re in order to avoid numerical instability due to some negative powers of Re being comparable to the precision of the computing environment (MATLAB -The MathWorks s ). In more detail, the order of magnitude of kinematic viscosity n in m 2 s À1 is about 10 À6 (see notation);
thus the minimum value of (nRe) is about 4 Â 10 À3 . Actually, this does not impair the results since any power of the kinematic viscosity n is a constant value as well as all terms in Ke only.
Based on the above observations, the search for an explicit expression that approximates the original Colebrook-White f will follow three separate strategies here:
Case 1: a similar methodology adopted by Swamee & Jain summarized in Equation (7) 
In particular, the approximation of
permits avoiding the computation of the square root (i.e.
power of 0.5) when it is used to compute 1= ffiffi f p in Equation
Case 2: mapping the argument of the second logarithm in Equation (10):
It is worth noting that such an approach requires strictly positive values of y for any combinations of Re and Ke to allow computing the logarithm function.
Case 3: mapping the second logarithm in the last part of Equation (10) in order to avoid the logarithm computation:
In other words, this case consists of approximating the logarithm with a summation of many terms containing powers of Re and Ke. Actually, from a computational point of view, this would mean emulating the algorithms used for computing the natural logarithm, which are based on series expansion of the argument (see Equation (6)).
RESULTS
In this section some formulations obtained by using the above-mentioned strategies are reported. For each of them the maximum (maxE) and mean (meanE) percent errors with respect to the Colebrook-White formula are reported. For the sake of clarity their formulations are reported below, where f CW stands for the Colebrook-White friction factor computed with a precision 10 À20 :
In addition, the number of natural logarithms (nln) required beyond ln(Ke/3.71) (which must be computed in all formulations) is also reported to allow for a straight comparison between the computational efforts required.
As a first result based on Case 1, the Swamee-Jain formula has been obtained. It requires two logarithms: one for computing the power of Re plus the second from the last part of Equation (20): 
EPR also returned two expressions (Equations (21) and (22)) which are formally similar to the original Swamee-Jain formula, even if their performances are significantly improved. In both cases the number of logarithms required to assess f is 2 (apart from ln(Ke/3.71)): 
In addition, the following expression for y in Equation (23) for Case 1 was obtained, which does not require any power of Re to be computed. It requires just one logarithm beyond ln(Ke/3.71) and will be further analyzed in the remainder of this paper:
Among the models based on Case 1, two further expressions are obtained which allow for more accurate prediction of f without increasing the number of logarithms to be computed. They are detailed in Equations (24) and (25): 
and
These formulations allow for reducing the mean and maximum percent errors by about one order of magnitude lower than the Swamee-Jain formula, although they still require two logarithms to be computed.
Results obtained by using Case 2 strategy are omitted here since they did not actually overcome those obtained by adopting Case 1 in terms of accuracy, while the number of logarithms required (i.e. computational cost) was the same.
A significant reduction of the number of logarithms has been obtained using Case 3, where y reproduces the entire second logarithm of Equation (10). The formulation in Equation (26) refers to this last case.
Such a formulation requires computing one logarithm only (apart from ln(Ke/3.71)), which refers to computing the exponential (nRe) 0.1 ¼ e 0.1ln(nRe) , and its accuracy largely overcomes that achievable by using the Swamee-Jain one on the same data. Moreover, Equation (26) has been written to be computed using classical single-threading programming, which requires subsequent products to be executed; nonetheless, such products could be easily parallelized if multi-threading programming was adopted to use multi-core computers: 
The way Equation (26) is actually implemented depends on the computing environment.
If a more accurate prediction of f is needed, the expression of 1= ffiffi f p can be introduced in the second term of Equation (16) (in place of 1/y) to achieve maxE ¼ 0.0112%
and meanE ¼ 0.0890% with a number of logarithms nln ¼ 2 to be computed. In the following this strategy for improving accuracy will be further exploited.
As a final remark, Equation (26) 
It is worth noting that even better performance could be obtained by adding Re terms in y at the cost of increased complexity. On the one hand, achieving a maximum error even less than 1% on an empirical formula (like the Colebrook-White one) could be questionable due to the irreducible errors of the experimental apparatus where it was calibrated. On the other hand, the propagation of errors for nonlinear systems should be accounted for when the intensive computation of the friction factor is required, especially when low Reynolds numbers occur.
The choice among the formulations reported above should be driven by both available computing resources and the purpose of calculating f. Thus, using classical singlethread programming, the classical Swamee-Jain formula can be significantly improved at the cost of summing a constant term or just changing the exponent of Re. Otherwise, if multithreading programming resorting to multiple-core technology is available, then computing multiple terms of the polynomial expansion could be faster than computing one more logarithm.
BENCHMARK COMPARISONS
As stated above, the propagation of errors for nonlinear systems should be accounted for when the intensive computation of the friction factor is required. Thus the selection of the explicit friction factor formula should be based on the best trade-off between accuracy (depending on simulation type and problem size) and computational speed (depending on problem size and computing environment).
Therefore, this section compares the performances of some approximations of the Colebrook-White friction factor reported above in terms of both accuracy and computational speed. As first, data used both for developing EPR models and comparing them with each other have been plotted in The entire database used consisted of 1800 points.
All numerical tests have been performed using a Pentium T4200 processor, deselecting the two cores' parallelization capability in the MATLAB environment.
Based on these data, the following formulations have been compared: Equations (20) (Swamee-Jain), (23), (25), (26) and (27). Each of them has been calculated 100,000 times on 900 data points (thus simulating a grid of 90 million runs), and relevant prediction error and time taken for calculation (i.e. computational speed) are reported in Figure 2 and Table 1 . Computing times are obtained by using the built-in ''cputime'' function of MATLAB.
It is worth noting that the code has been optimized for the MATLAB language by resorting to matrix representation in order to speed up the computation of each 900-point dataset which has been repeated 100,000 times.
It is evident that Equations (26) and (27) perform better than the Swamee-Jain one both in terms of mean and maximum percent error and CPU time required. This proves that a significant reduction of CPU time needed is due to the elimination of one logarithm. Equation (25) allows further improvement in accuracy but at the cost of about 3s longer than Equation (27), because of the calculation of one more logarithm per run.
It is also interesting that Equation (23) Figure 2 ) have been introduced on the right-hand side of Equation (5) to obtain a new value of f (i.e. iteration 1); such an operation has been repeated up to 15 iterations. Accuracy and CPU time required for a progressively increasing number of iterations are reported in Figure 3 and Table 2 . In other words, each point of Figure 3 encompasses the calculation of the relevant explicit formula, plus a number of successive iterations.
Actually, the CPU time is expressed as a multiple of the time taken to compute the explicit Equation (23) (i.e.
t023 ¼ 8.13 s) which is the fastest of those analyzed.
For the sake of clarity data referred to meanE and maxE are drawn on two separate subplots of Figure 3 , and percent error are on a log scale. The top-left points of each set refer to the explicit calculation (i.e. that of Figure 2 and Thus, if the maximum percent error required is, for example, less than 10 À4 , then the explicit Swamee-Jain formula should be computed and six iterations of Equation (5) are needed (i.e. black diamonds in Figure 3 ), taking more than 63s of CPU time. On the other hand, Equation (25) (which was the slower explicit expression in Figure 2) achieves the same accuracy in five iterations after its direct application (i.e. triangles), taking about 59s. It is worth noting that, although Equation (23) reaches the same accuracy in seven iterations (i.e. black dots) after its direct calculation, it is quite a bit faster than Swamee-Jain (i.e. it takes about 58s).
Such an analysis proves that the proposed expressions represent more effective starting points for the ColebrookWhite implicit formula than Swamee-Jain. Moreover, Figure 3 shows that their speed vs. accuracy performance are comparable, being quite close to each other.
Among the above-mentioned formulations Equation (26) represents a good compromise between accuracy and computational speed, thus being the more versatile with respect to different types of applications. Nonetheless, it requires a significantly higher storage of intermediate variables than Equation (23), which can be used when a wider interval of accuracy is allowed.
Overall, the choice among these two formulations depends on the required level of accuracy as reported in Figure 4 , which partially reproduces Figure 3 with respect to
Equations (23) and (26) only. For example, if a maximum percent error required is of about 10 À5 (points in the dashed box), then Equation (23) is preferable since it takes less CPU time (i.e. about 65s) than its Equation (26) counterpart (i.e. about 67s). In contrast, if the maximum error allowed is 10 À4
(points in the solid ellipse), then Equation (26) is faster than (23) since it requires less iterations. This is due to the different accuracy achieved at each iteration.
It is worth noting that all series of points in Figures 3 and 4 flatten out at mean and maximum percent error on f of about 10 À9 and 10 À8 , respectively. Such values represent the maximum precision achievable on f from convergence of the Colebrook-White equation.
ACCELERATING ITERATION OF COLEBROOK-WHITE FORMULA
Figures 3 and 4 clearly show that the improvement of accuracy obtained by iterating the Colebrook-White formula of Equation (16) is roughly linear in the semi-logarithmic diagram. In particular, regardless of the initial explicit formula, accuracy increases (i.e. percent error decreases) by about one order of magnitude every two iterations. However, it can be argued that every iteration a logarithm is computed, as reported on the right-hand side of Equation (28) 
Actually, the difference between two successive iterations can be expressed in terms of the logarithm of a quantity (z) which is close to 1, as shown in the following equation:
Therefore, the natural logarithm of z can be approximated with one of the series, like the second of Equation (6).
Actually, from numerical experiments it has been noted that the advantage of using the series expansion with respect to the original logarithm calculation (in terms of CPU Figure 5 and Table 3 show that using the series expansion allows saving about 20s in reaching the maximum accuracy allowed in the adopted computing environment. The iteration after which the series expansion of the logarithm is used corresponds to the deviation from the original 9 CPU time vs. accuracy achievable after 1-15 iterations of Colebrook-White formula using Equations (23) and (26) as initial points.
figure. A similar behavior is shown by formulae SG3, VK1
and VK2 whose computational speed increment has been obtained at the cost of a decreased accuracy.
Moreover, iterations based on Equations (23), (25) 
IMPLICATIONS
However, as reported above, the selection of the right formulation for f should be based on the particular application.
For example, the accuracy actually required for some software applications might be quite a bit less than that achievable with SG2 or the user might require setting a minimum level of accuracy in order to speed up each run. In these cases 9 CPU time vs. accuracy achievable using accelerated iterations of Colebrook-White formula using Equations (23), (25) and (26) as initial points. formula SG2 is not as versatile as the others reported above.
In addition SG2 is difficult to be used for formulating integrals of f. Therefore, Figure 5 encompasses different formulations which could be suited for different applications of f as summarized below:
Equation (23) 
The order of magnitude of the maximum df/dRe value with respect to Ke and Re ranges reported in Equation (14) is about 10 À6 ; thus it could be negligible from a numerical point of view although its computation is immediate.
CONCLUSIONS
This work proposes an investigation on possible approaches to reproduce the Colebrook-White pipe friction factor f with explicit expressions. While doing so, the formula proposed by Swamee & Jain (1976) is taken as a reference point since it is probably the most widely adopted (especially for computer routines/software).
As first, the CW formula has been written by using the friction Reynolds number (Re * ) in order to obtain significant upper bounds of the Reynolds number (Re) range to be used for developing models.
The approach proposed is drawn from that adopted by (26) and (27)) are significantly more accurate and fast than the Swamee-Jain expression. This is mainly due to the reduction of the number of logarithms involved.
Accuracy could be further improved by using a slightly more articulate expression (Equation (25)) than SwameeJain, which requires computing the same number of logarithms but is quite a bit slower. Moreover, the analysis provides a very simple expression (Equation (23)), which is less accurate but significantly faster than the others, and thus it could be quite useful for some practical applications.
The second analysis demonstrates that formulae reported here represent even effective starting points for the iterative calculation of Colebrook-White f in terms of time required to achieve any given accuracy. In particular the Swamee-Jain formula is proved to return less accurate results in a given CPU time or, conversely, to require the longest calculation to achieve a given accuracy.
A methodology to accelerate the Colebrook-White recursive formula has been presented which allows us to achieve progressively increasing accuracy at the cost of longer computational time, up to the maximum achievable precision represented by the Sonnad-Goudar (2007) exact formulation (SG2). In particular, the sets of possible trade-offs between accuracy and computational time based on the proposed formulae overcome both the fastest Sonnad-Goudar (2007) formulation (SG1) as well as other literature formulae (SG3, VK1 and VK2).
The formulations obtained by using the EPR are proved to represent useful alternatives with respect to some criteria dealing with the practical use of f computation including possible tuning of computational speed vs. accuracy and ease of mathematical formulation of the integral of f.
These analyses emphasizes that accuracy is not the only criterion in selecting an explicit formula, especially for computer application, but it should be coupled with the computational speed required. Moreover, when high accuracy is necessary in order to combat propagation of errors on f (e.g. in nonlinear systems), selecting a proper formulation helps converging to the desired accuracy in terms of computational time required rather than the mere number of iterations.
